Large datasets upon which classical statistical analysis cannot be performed because of the curse of dimensionality are more and more common in many research fields. In particular, in the linear regression context, it is often the case that a huge number of potential covariates are available to explain a response variable, and the first step of a reasonable statistical analysis is to reduce the number of covariates using appropriate statistical criteria. Alternative fast methods that alleviate the problem of computational time with classical procedures have been recently proposed in the literature. However, these fast methods are based on classical statistical theory and are non robust to extreme observations. And, simply replacing the classical statistical criteria by robust ones is not possible because the complexity of the robust estimators and the testing procedures lead to infeasible computations. In this paper, we propose alternative robust estimators, selection criteria and testing procedures for the linear regression model that are fast to compute and hence can be used in a fast model selection procedure. The robust estimator is a one-step weighted M -estimator that can be biased if the covariates are not orthogonal. We show that the bias is relatively small and can be made smaller by iterating the M -estimator one or more steps further. In the variable selection process, we propose a simplified robust criterion based on a robust t-statistic for significance. We propose a complete algorithm for fast robust model selection, including considerations for huge sample sizes, and show the performance of our method in a simulation study. We also analyze two datasets and show that the results obtained by our method outperform those from robust LARS and random forests. Supplemental materials are available online, see http link.
Introduction
Datasets with millions of observations and a huge number of variables are now quite common, especially in finance, management, computer sciences, health sciences, etc.
Performing statistical inference with such datasets requires the development of new techniques otherwise the calculations of the necessary statistics are impossible. One group of techniques is concerned with the improvement of the efficiency of algorithms so as to circumvent computer memory problems. Another group of techniques seeks to develop new statistical techniques that can achieve the same goal, i.e. make the calculations feasible. In this paper, we are concerned with the latter.
When the number p of variables is (too) large, good statistical practice requires that this number be reduced by means of proper statistical criteria in order to better understand the phenomenon under investigation. However, standard statistical techniques which often take into account all the variables simultaneously cannot be used when p is too large, either because of the curse of dimensionality or because they involve computations of statistical criteria on all combinations of subsets of variables.
For the linear regression problem, simple forward selection procedures that are computationally feasible exist and can be readily used. They involve the estimation of an initial model, to which one or a group of potential explanatory variables is added according to a given criterion, usually based on a test statistic, until the criterion is no longer satisfied. Recently, criteria that take into account the false discovery rate (FDR) have flourished; see e.g. Sakar (2009) , Wu, Boos, and Stefanski (2007) , Abramovich, Benjamini, Donoho, and Johnstone (2006) , Benjamini, Krieger, and Yekutieli (2006) , Foster and Stine (2004) , etc. These methods are all based on the classical least squares (LS) estimator for the linear regression model, but the criterion can be adapted to other estimators.
Basically one needs a computationally fast method to select the best explanatory vari-ables at each stage of the forward selection procedure and a test statistic for testing the significance of the regression coefficient of the selected explanatory variable(s). The p-value is then compared to an adaptive (in the number of explanatory variables already in the model) threshold.
In this paper, we are concerned with the use of such procedures but based on robust estimators (and hence test statistics) of the linear regression model. As shown in Ronchetti and Staudte (1994) , spurious model deviations such as outliers can lead to a completely different, and suboptimal, selected model when a non robust criterion (like Mallows' C p ) is used. This happens because under (slight) data contamination the estimated model parameters and consequently the model choice criterion can be seriously biased. The consequence is that decisions (tests) are taken at the wrong level which has an effect on the computation of the empirical FDR as illustrated in simulations in §4. The problem is not new and several robust model selections procedures have been proposed. Global criteria such as the AIC (Akaike 1973) , the BIC (Schwarz 1978) and Mallows' C p (Mallows 1973) have been extended to the robust case by Ronchetti (1982) and Müller and Welsh (2005) for the AIC, Machado (1993) for the BIC and Ronchetti and Staudte (1994) for Mallows' C p , respectively. Ronchetti, Field, and Blanchard (1997) develop a robust criterion based on crossvalidation (CV). All these criteria are very computer intensive when all the possible models are evaluated which means that only forward selection procedures can be used in large datasets. Moreover, and even worse, the available robust estimators are just impossible to compute at the full model if p is too large, and they become useless in a forward selection procedure as the number of explanatory variables increases in the selected model. For example, the robust AIC used in Maronna, Martin, and Yohai (2006) in conjunction with a stepwise selection is too long, or even impossible to compute, with our data sets. In the first, we seek to predict the abundance of a protein on the basis of p=159 measured covariate values for n=231 observations.
In the second we seek to explain the average price asked for a housing unit given p=1770 covariate values for n=13,970 observations. All available robust estimators with nice properties of efficiency and breakdown cannot be used without some modifications/simplifications.
We propose here a simplified robust estimator and a test statistic that are computationally feasible in high dimensions for estimating and selecting the different models in the forward selection procedure. The basic idea is to use weighted M-estimators, weighted partial correlations and robust test statistics based on the weighted Mestimator, with weights chosen appropriately for robustness considerations. Our fast robust forward model selection procedure is summarized as follows:
1. Given a selected model at step k, select the explanatory variable (among the remaining) with the largest absolute weighted partial correlation to enter the model (see §3.1).
Using a robust z-type test statistic for significance and its associated p-value,
end the selection or search for a new explanatory variable to add. The p-value is evaluated making use of a FDR correction (see §3.2).
3. Estimate the augmented model using a weighted M-estimator (see §2.1) and return to Step 1.
We choose our weights to serve two purposes: (1) robustness considerations; (2) computational speed. This is achieved at the cost of a (small) bias when there is no data contamination. The bias of the weighted M-estimator, which is bounded when model deviations such as outliers are present in the data and is negligible when there is no data contamination and the covariates are not too highly collinear, is discussed in §2.2. However, since relatively high collinearity can happen in real datasets, especially when first order interactions are added as potential explanatory variables as in done in our examples, we propose in §3.3 a more computationally intensive adjustment, but still feasible in high dimensions, that reduces the bias and hence provides a better model selection procedure in these cases. Computational problems arising because of the large sample sizes are also dealt with in a simple manner. In §4, simulations show that the weighted M-estimator is fast to compute on large datasets, and with its associated weighted partial correlation and robust test statistic for significance, we have a variable selection procedure that is not only feasible, but also provides very good results in terms of the probability of choosing the correct model.
Finally, when analyzing the large real datasets in §5, we compare our approach with alternative methods for model selection in linear regression. More specifically, we consider the least angle regression (LARS) of Efron, Hastie, Johnstone, and Tibshirani (2004) , the robust LARS (RLARS) of Khan, Van Aelst, and Zamar (2007b) as well as the more general random forests of Breiman (2001) .
Fast robust estimator for linear regression

Simple and fast weighted M-estimator
An M-estimator (Huber 1964 (Huber , 1967 
for a given sample of n observations, with ψ a chosen function which is at least bounded, possibly redescending for a high breakdown point robust estimator, c a tuning constant that controls the relationship between efficiency and robustness and 
For better efficiency properties, one can consider a MM-estimator given by the solution in β of (1) in which σ is replaced by an initial scale estimatorσ, e.g. a high breakdown S-estimator (Rousseeuw and Yohai 1984) . Throughout the paper, we choose c = 4.685 which corresponds to an efficiency level of 95% for the robust estimator compared to the LS estimator at the normal model.
The solution to (1) is implicit and hence too computationally intensive in high dimensions. We consider instead a weighted M-estimator of the form
where the weights w i (r 
we define, for p < n, the initial estimator for the model y = x T β + ε aŝ (2) with residuals r
weighted M-estimator can be written asβ 
with γ jk = 1 n x ij x ik and δ = 0.0057. The bias onβ 1 0 is nil. Note that (9) is computed at the uncontaminated model; the effect of model contamination on the possible bias of the estimator is discussed through its robustness properties above.
The relatively small bias depends as expected on the correlation structure between the covariates and is relative to the (true) slopes. In http link the relationship between δ and c through the efficiency level of the robust estimator is presented. When the efficiency level increases (i.e. c increases), the bias tends to 0, which corresponds to the bias of LS.
It should be noted that the hypothesis that moments higher than 2 for the covariates are nil is there only because otherwise the computation of the bias is simply not tractable. If higher non null moments are present in the data, this might cer-tainly affect the bias ofβ 1 , but it is not clear how. Actually, in all cases, the bias can be made smaller to even nil if the weighted M-estimator serves as an initial estimator of another weighted M-estimator in an iterative fashion. Namely, (3) is computed at the updated weights based on the residuals r 
Simple robust variable selection
We propose here to exploit the marginal robust weights computed for constructinĝ β 0 in (6) for estimating robust partial correlations to select the variables to enter in a forward selection procedure as is done in e.g. Foster and Stine (2004) . We show that these robust partial correlations arise as a natural information criterion used in significance testing. We also propose a simple method for dealing with large sample sizes. The stopping criterion is based on robust z-test statistics for significance testing and takes into account the false discovery rate in the spirit of multiple testing as in Benjamini and Hochberg (1995) . When the correlation between the explanatory variables is strong however, the marginal weights are too biased, and in that case a one-step weighted M-estimator and corresponding z-values for significance can be used. Although the resulting procedure is longer, it is still feasible in large dimensions.
Selecting the variables
In the standard robust theory for regression models, significance can be tested using a robust Wald-type test statistic (Heritier and Ronchetti 1994) or z-statistic given generally by
with SE(β j ) 2 = var(β) jj and for an M-estimator defined through (1), var(β) =
The variance var(β) jj can be estimated using
(see e.g. Maronna et al. 2006) where the weights w i are the robust weights corresponding to the M-estimator on the model with x and e c its efficiency. With Tukey's biweight function, the weights are (2) and we have e c = [ Heritier, Cantoni, Copt, and Victoria-Feser 2009, p. 57) . Using (10) instead of the standard t-test guarantees that the level α at which the significance test is performed remains stable under model contamination. Indeed, In order to be able to compute a robust test statistic for H 0 : β j = 0 in a forward selection procedure in high dimensions, we need to adapt the z ψ -ratio so that it can be computed rapidly with the information available at the current forward selection step. At a given stage of the forward selection procedure, we have a model including S explanatory variables (plus intercept) x S to which we can add one of the remaining explanatory variables, say z j . We also haveβ 
where
and (13) (weighted) partial correlation offers the greatest reduction in the (weighted) residual sum of squares and is selected in a robust forward stepwise regression, analogously to the approach followed by Foster and Stine (2004) in the classical setting.
When both the number of regressors and the sample size are very large, it may be advantageous, from a computational perspective, to take a subsampling approach.
That is, we will choose candidate regressors to include in the model based on a computation of partial correlations on random subsamples of the data. We propose the following. Select a subsample of size n n among the n observations and compute weighted partial correlations following (13). For the variable with the largest absolute weighted partial correlation, compute its weighted partial correlation using all the data. Repeat the process n s times and choose to add the variable with the largest absolute (full sample) weighted partial correlation.
Stopping criterion
We propose a stopping criterion based on the robust significance test of the variable selected according to its weighted partial correlation. Denote by z j the variable that is added to the subset x S and byβ We proceed in a step-down manner (see Foster and Stine (2004) for full motivation and theory) so that the (S + 1)th suggested regressor is added if
Use of (S +1)/p is shown to control FDR in Benjamini and Hochberg (1995) . Because the weighted M-estimator has a (small) bias, the standard normal distribution Φ might not be appropriate. We do not expect this bias to have important consequences in practice, especially with nearly orthogonal to moderately correlated covariates. If bias is an issue on the stopping criterion, then the weighted M-estimator can be iterated fully (a few steps suffice), at the cost of more computational time (see §5.1).
Heavily Correlated Covariates
The robust weighted M-estimator and the selection procedure based on weighted proportional to l =j γ jl β l (see (S.12) in http link) and which is larger than the bias of the weighted M-estimator including several explanatory variables (see (9)). The bias is proportional to the correlation structure of the covariates, and the higher the latter, the larger the bias and consequently the selection procedure may be affected. In other words, when collinearity is high among the covariates, the bias on the estimated marginal regression coefficients and weights can be large and the information provided by the weighted partial correlations can lead to wrong selection or even to too short a selection (the stopping criterion is met after too few steps). An alternative approach that is more time consuming but still feasible in high dimensions is to compute the weighted M-estimator for all potential models (those augmented by one variable at a time) and then use the associated weights for the computation of the weighted partial correlations. More precisely, one replaces in (12) and (13) To deal with large sample size, we use a sampling technique that computes the weighted M-estimators for n s subsamples of size n n to find candidate regressors, from which the best candidate is selected based on the all-data weighted M-estimator.
Simulation Study
We carry out a simulation study to assess the effectiveness of the model selection approaches outlined above and to showcase the strengths of our proposed robust weighted M-estimator. First, we create a linear model
. . , k, and ε an independent standard normal variable. We choose ρ to produce a range of theoretical R 2 values (R 2 = (Var(y) − σ 2 )/Var(y) for (14)) and σ to give z values for our target regressors of about 6 under normality as in Ronchetti et al. (1997) . A set of p candidate regressors is created as follows. The first k covariates are
Let e k+1 , . . . , e p be independent standard normal variables and use the first 2k to give the 2k covariates
and the final p − 3k to give the p − 3k covariates
The covariates X 1 , . . . , X k are our target covariates. Variables X k+1 , . . . , X 3k are noise covariates that are correlated with our target covariates, and variables X 3k+1 , . . . , X p are independent noise covariates.
We consider samples without and with contamination. Samples with no contamination are generated using ε ∼ N(0, 1). To allow for 5% outliers, we generate using ε ∼ 95%N(0, 1) + 5%N(30, 1). These contaminated cases also have high leverage
This represents the most difficult contamination scheme: large residuals at high leverage points.
We choose λ = 3.18 so that corr(X 1 , X k+1 ) = corr(X 1 , X k+2 ) = corr(X 2 , X k+3 ) = . . . = corr(X k , X 3k ) = 0.3. First, we consider a small number of regressors and a small sample size so as to compare our proposals with another robust selection method. We consider a sample of size n = 200, p = 10 candidate regressors with k = 3 target covariates. We consider our forward selection methods with α = 0.05, robust AIC as implemented in step.lmRob of the robust package for R, and LS. We consider both low and high signal-to-noise ratios. Results are in Table 1 . Table 1 : Model selection results. Simulated data, as described in §4, have n = 200 observations with p = 10 potential regressors, including k = 3 target regressors with corr(X 1 , X 2 ) = corr(X 1 , X 3 ) = corr(X 2 , X 3 ) = ρ = 0 (R 2 = 0.35) and ρ = 0.76 (R 2 = 0.80), and corr(X 1 , X k+1 ) = corr(X 1 , X k+2 ) = corr(X 2 , X k+3 ) = . . . = corr(X k , X 3k ) = 0.3 in both cases. Methods r1, r2, and LS are based on forward selection with FDR stopping with candidates for entry selected following r1: maximizing robust partial correlation; r2: maximizing robust z ψ -ratio; LS: maximizing partial correlation. r3 is backward selection based on robust AIC and robust linear regression with high breakdown point and high efficiency regression as implemented in step.lmRob of the robust package for R. Empirical FDR appears in the last row. Mean execution times for the r1, r2, r3, and LS methods are ∼ 0.60, 0.9, 3.0 and 0.1 s, respectively. Results are based on 200 simulations for each configuration. Entries in the top panel give the actual number of runs falling into each category.
The category "Correct" means that the correct model was chosen and is the key measure of the performance. "Extra" means that a model was chosen for which the true model is a proper subset. "Missing 1" means that the model chosen differed from the true model only in that it was missing one of the target covariates; "Missing 2" is defined analogously. At a 95% level of confidence, Monte Carlo variation (MCV) on entries with value around 190 are ±8.5, and no entry has MCV greater than ±14.
We also report the empirical FDR: the proportion of noise covariates among selected covariates, see Benjamini and Hochberg (1995) .
Both our robust selection methods perform very well in terms of proportion of correctly selected models: (1) performing as well as LS when there are no outliers, i.e. there is very little loss of power, and (2) outperforming LS when there are outliers.
The backward selection using robust AIC is not very good in all cases; while it often yields a model which includes the correct model, the final model also contains many noise covariates. The classical LS approach fails miserably in the presence of outliers and rarely chooses the correct model. The empirical FDR brings another insight.
The latter is stable across all data configurations for our robust method based on maximizing the robust z ψ -ratio (r2) with a value of around 4%. For our robust method based on robust partial correlations, there is a (small) drop in the FDR when the target covariates are heavily correlated (R 2 = 0.80). This is likely due to the impact of multicollinearity on the bias of the M-estimator and/or on the use of marginal weights in (13). It is for this reason that we also proposed our z ψ -ratio approach. For LS, the FDR is reasonable without data contamination (but no better than for both our robust methods), but reaches large values with data contamination.
The backward selection using robust AIC has a too large FDR in all settings. Now, we consider a sample of size n = 1000, p = 100 candidate regressors with k = 5 target covariates. Robust AIC is not a viable approach here as selection Table 1 , except n = 1000, p = 100, k = 5, ρ = 0.10 (R 2 ≈ .20) and ρ = 0.85 (R 2 ≈ 0.80). Subsampling approach uses n s samples of size n n and is applied to r1, r2 and LS methods in middle and bottom panels. takes over 20 hours on one sample. Results for the other methods are in Table 2 .
Computations are carried out in R and the largest contributor to the larger time for the robust analysis is the time required to compute all p marginal robust models using lmRob (to obtain the required starting values). The work that follows is only slightly more computationally expensive when we use robust partial correlations to choose the candidate regressors for entry with our robust estimator (with the obvious gains shown in Table 2 ). In terms of correctly selected models and empirical FDR, the Moreover, the results clearly show that subsampling can work just as well as considering the full sample, suffices to take an adequate number of subsamples, and that the forward selection is sufficient. What we cannot appreciate given the times in Table 2 is that subsampling is really faster when p and n are really large, and sometimes the only option, e.g. we cannot proceed without subsampling (due to lack of resident memory on most machines) in the census data example analyzed in §5.
As mentioned in §1, an alternative approach for model selection is given by the popular least angle regression (LARS) of Efron, Hastie, Johnstone, and Tibshirani (2004) , an extremely efficient algorithm for computing the entire LASSO (Tibshirani 1996) path. LASSO shrinks regression coefficients by imposing a penalty on their size. Making the penalty sufficiently large necessarily causes some of the coefficients to be exactly zero, i.e. providing a form of model selection. Khan et al. (2007b) propose a robust alternative, namely RLARS, which replaces the non robust building blocks of LARS (mean, variance and correlation) by their robust counterparts. Both methods can deal with large p but provide only an order of entry into the model for the explanatory variables. Model selection based on minimizing K-fold CV mean squared prediction error for augmented models suggested by LARS is however readily available in the lars package for R.
Running RLARS (using the brlars R code made available on the authors' website) on one simulated sample takes about 9.5 minutes, and this yields only the suggested order of entry of the variables (not where to stop). Our forward selection approach in conjunction with our robust estimator selects a model in less than 30 seconds when using weighted partial correlation to propose candidates (and less than 60 seconds when using z ψ -ratios), see Table 2 . Note that throughout the paper, our time comparisons are not intrinsic comparisons, but rather comparisons of available implementations of the methods only.
In http link, the results of a simulation study with 10% data contamination show that both robust approaches maintain some level of robustness but present signs of breakdown. Our very difficult data generating setting is not favourable to any model selection procedure and it is not reasonable to expect contaminated data in amounts exceeding 5-7% in most real datasets. We are confident that our robust approaches can be used in many applications and this is illustrated with the real datasets in §5.
Finally, it should be noted that there exists alternative robust methods such as the robust boosting of Lutz et al. (2008) and the robust forward and stepwise selection approach based on robust correlation estimates, an approach similar to RLARS, of Khan, Van Aelst, and Zamar (2007a) , but these methods are not compared to our methods since code is not available.
Examples
In this section, we analyze two real data sets. In each case, the explanatory variables have been centered and scaled to have mean equal to zero and standard deviation equal to one. For the census data, we also scale the dependent variable, the average price asked for a housing unit, which has a very large range and otherwise yields very large values for the estimated coefficients. Models are compared using the median absolute error (MAE), as measured by 10-fold CV. First, we find the proposed model for a given method using all the data. Then, we split the data into 10 roughly equalsized parts. For the k th part, we fit the proposed model to the other nine parts of the data and calculate the MAE of the fitted model when predicting the k th part of the data. We do this for k = 1, . . . , 10 and report the mean of the 10 MAE estimates.
In some cases (where computations remain reasonable) we compute a full median absolute prediction error (MAPE), as measured by 10-fold CV. That is, we split the data into 10 roughly equal-sized parts. For the k th part, we find the proposed model using the other nine parts of the data and calculate the MAPE of this chosen model when predicting the k th part of the data. We do this for k = 1, . . . , 10 and report the mean of the 10 estimates of the MAPE. For all methods, the data were split in the same way. We also report the standard error (SE) of the MAE and MAPE estimates.
In both our examples, there is no a priori reason to believe that a linear regression model is the best approach. As usual, it remains the easiest route in the hope of obtaining some interpretability of the data. If simply prediction, and not interpretation, is sought then we can turn to random forests (Breiman 2001) . We compare our predictions with those of random forests for completeness.
Protein data
We analyze data from a clinical investigation of patients with cardiovascular disease conducted by the Medizinische Klinik und Deutsches Herzzentrum der Technischen Universität in Munich and the Center for Computational Diagnostics at Indiana University Purdue University. See Clough et al. (2009) and Patil et al. (2007) for details.
Among the measures taken on the participants is the abundance of a series of proteins and an information of interest is the link between the abundance of each protein and a series of clinical variables. We consider here the abundance of the protein Fibrinogen beta chain that we seek to explain by means of 19 potential variables and their 171
interactions. Some regressors are binary however and over the n = 231 observations collected, some potential regressors yield a column of zeros, are exactly collinear with one column (or a linear combination of several columns), and must be removed. After removal of problematic interactions, we are left with 140 interactions and a total of p = 159 regressors. We carry out classical and robust forward selection as described in §3 using α = 0.10. As n is only 231 we do not need to resort to subsampling. Also, as the chosen models remain small, we also consider further iterating our one-step weighted M-estimator to examine the impact of the bias. Results appear in Table 3 .
First, we consider our two one-step estimates and the classical estimates. All three approaches pick up the importance of X1X3, but the robust approaches choose X2X11 over X3X11, the second variable in the classically chosen model. The correlation between X2 and X3 is only 0.05, however the correlation between X2X11 and X3X11 is 0.86, so these models differ only slightly, as is further confirmed by respective MAE values. Estimates for our two approaches using three-step estimates (results are the same for any greater number of steps) include more variables. Most notably, the z ψ -ratio approach adds X6X11 and X2X19 to the X1X3 variable. This reduces the estimate of standard error (SE) and the MAE value. Note that while X6X11
and X3X11 are heavily correlated (0.93), the correlation between X3X11 and X2X19 is -0.05, and between X1X3 and X2X19 is -0.13, so X2X19 is adding new information to the model (useful information as the MAE is reduced to 0.52). The LS estimate of σ is inflated due to the presence of four outliers, patients 116, 206, 159 and 21, which had the largest abundances of protein (three standard deviations larger than the mean abundance), see Figure 1 . The robust model chosen using robust partial correlation also outperforms the LS model, but as was our experience in the simulation study, it is more parsimonious than its z ψ -ratio counterpart (which provides an additional predictor and better predictions). Note that with p = 159 regressors an all-possible-subsets approach, whether robust or non-robust, is not possible. We tried model selection following RLARS. The latter, as implemented in the brlars function provided by the authors, does not run to completion. RLARS proceeds by sampling with replacement and given the 14 binary covariates and their numerous interactions, subsamples lead to singularity in the computation of the Huber correlations and the function terminates in error. We can carry out model selection by minimizing 10-fold CV mean squared prediction error for LARS using the function cv.lars in the R package lars. The selected model contains no regressors. It is hypothesized that the outliers and/or multicollinearity in the data baffle LARS, however only 5% of the 159*158/2 = 12561 correlations are greater than 0.66 (and only 2% are greater than 0.90).
Figure 1: Three-step robust z ψ -ratio and LS standardized residual analysis of models in Table 3 for the protein data. Also note that with only 19 first-order variables, it is quite straightforward to obtain predictions using random forests as implemented in the randomForest function of the randomForest package for R. MAPE using the classical, both robust approaches, and random forests also appear in Table 3 . While random forests outperform the classical approach, they do not do as well as either robust approach.
Census data
We analyze data constructed from the 1990 US Census. We include all possible interactions and carry out model selection. With n = 13, 970 and p = 1770, the subsampling approach outlined in §3 and tested in §4 has to be used on most computers. As we had access to a high performance machine Table 4 gives the CPU running times for each approach. Subsampling performs well and is clearly sufficient. Models chosen via the robust z ψ -ratio approach outperform all the classical models.
Our robust estimates for a model consisting of the first 10 variables entered using a forward selection with robust z ψ -ratio approach are listed in Table 5 . A description of the regressors appears in Table 6 . It is perhaps not surprising that a LS approach performs poorly here as 986 observations (7.1%) get downweighted below 0.01 by our robust estimator. We note that 10% of the observations are assigned weights less than 0.20. This amount of hard downweighting is more than that in our simulated data with 5% outliers in §4, but less than that in our simulated data with 10% outliers, see http link. Table 5 : Estimates and tests for robust 10-variable model selected by forward selection with FDR stopping using robust z ψ -ratios based on one-step weighted M-estimators and subsampling (n n = 200, n s = 10) to predict average asking price for a housing unit in a sector for census data. With these data we do not seek a 'true' model, but rather to best explain the average asking price in a sector with very few regressors. As there is near multicollinearity, many models should perform equivalently. What is most impressive is that we find a 10-variable robust model that outperforms the selected 68-variable LS model with respect to MAE, and we do so in less time than the classical analysis, 85 minutes versus 110 minutes, respectively. Table 6 : Description of regressors selected in Table 5 to predict average asking price for a HU in a sector for census data. 
Name
Concluding remarks
Although outliers are prevalent in very large data sets, existing robust methods for model fitting and selection are not computationally feasible in high dimensions. We present a simplified robust estimator that is fast and effective, allowing for much needed robust inference in high dimensions.
Note that all our computations were done in R and the code for our proposed approach is not optimized for speed, but rather for ease of use. Computing times reported should thus not be examined in the absolute, but rather on a comparative basis for the methods considered. Increased computational efficiency is a topic for future research.
Also note that we chose to scale predictors using (non-robust) mean and standard deviation. More robust location and scale estimators can be used, but we found that use of the median and the MAD led to a poorer performance of the robust partial correlation approach while causing no change in the performance of the robust z ψ -ratio approach.
Finally, note that we used an MM-estimator for the marginal regression models (with one explanatory variable) to get the starting weights, but one could also consider different and possibly simpler robust estimators. A redescending ψ-function is recommended in high dimensions, but for the marginal models, a non redescending ψ-function, such as Huber's (Huber 1964 ) ψ-function could in principle be used. In that case, the bias of the one-step M-estimator would be different.
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